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O. B . CUA'b6a1i06U"i, H. A . Wupo'K:oe 

r JIA)J;KOCTb <1>YHKnHH H CKOPOCTh TIP HB JllD KEHH .H 

B ,ll;amlotl: pafio're ycraaannaaaerca <paKT, xoropsra D npHHHTotl B TeopHH annpoxcasra­
lJ,HH TepMHHOJIOrHH Ha3bIBaeTCH ooparnoa TeopeMoll. Pe-n, llrlI,eT 0 TO M , 'ITO eCJIH nenpepsrs­
HaH aa MHO.lKeCTBe <pyHKrr,uH MO>KeT 6hITb npU6JIIDKeHa B onpe,ll;eJIeHHotl: IIlKaJIe npa nOMOIIl,H 

nexoroporo aanaca npH6JUDKaIOIIl,HX <pyHKIJ,Un C ,ll;aHHOll CKOpOCThIO, TO OHa nxreer BnOJIHe 

onpe.neneaayro rJIa,ll;KOCTb, ECJm U3BeCTHO H 0 B03MO)KHOCTH npafinaxcernta <pyHKII,Hn 06­

cy~aeMoH rJIa.D;IWCTH C Tpe6yeMotl: CKOp OCT h IO , TO ITOJIy'IaeTCH KOHCTpyKTH BHoe ormcaaae 
KJIaCCa r.na)J;KOCTH npn nOMOIIl,H CKOpOCTH rrpI16JIIDI{eHHH. 

B nanrea pafio-re paccaarpaaaercs HOBoe MHO)KeCTBO H HOBaH coaoxynaocrs n pH6 JIu )Ka ­

IOIIJ,HX <pyIIKIJ,HH. HMeHHo, nycrs E - nO)J;MHO)KeCTBO rrOJIO)KUTeJIhHotl: ITOJIyOCH R,+ , JR+ = 
[0;00), COCTORIIl,ee R3 )J;R3'hIOHKTHhIX orpeaxon Iv,l ~ t/ ~ k , k ~ 1, I; = [av,bv], a1 = 0, 
H .nysra h+1 = [ak+1,00), ak+1 > bk' W(X)-B03paCTaIOIIl,aR aerrpepsranas <pyHKIJ,H5I Tuna 

MO,ll;yJIR HenpepbIBHOCTH aa JR+, y,ll;OBJIeTBOp5IIOm;a5I YCJIOBIDIM 

W(O) = 0, w(x + y) ~ w(x) + w(y), w(x) ~ ex, x > 0, e > 0, 

H 
y 00JW~) dx + Y Jw~~) dx ~ cow(y), y> 0, (1) 

o y 

rzre Co He 3aBHCHT OT y, 
060 3 H a'fHM xepea H'(;;(E) npOCTpaHCTBO KOMITJIeKCH03Ha'fHhlX <PyHKIJ,HM: f na rvffiO)KeCTBe 

E, yJI,OBJIeTBOp5IIOIIl,HX y CJIOBlIIO 

(2) 

Onpenennu B H'(;;(E) HOpMy II ' Ilr ,w : 

IIfllr,w = If(O)1 + t 11(v) (0)1+ sup If(r)(x) - f (r)(y)1 (3) 
v=1 x, yEE X7"Y w(lx - yl) 

B Ka'IeCTBC naoopa npH6JIHiKaIOIIl,HX aa MHO.lKeCTBe E q)yHKI.J,IDt paCCMOTpUM conoxyn­

HOCTU IJ,eJIbIX <pyHKIJ,Htl: Fa nopzznca 1/ 2 H MeHHIOIIJ,erOC5I THna (J > °C nopsroa , 3a,zr.aBaeMoll 

paBeHCTBOM 

IFa(z) I' e-a!Im .JZ1 
(4)IIFalldr,w ) = ZES~&+ 1 + Izlrw(l zl) + (J-2rw((J-2)' 

,ll,JI5I 'roro, QT06hI onpenerrars llIK8..TJY npH6JUI)KeHHH, COrJIaCOBaHHyIO C HOpMaMH (3), (4), 
norpeoyerca pesynsrar, ITpHBe)J;eHHhrn B [1]. 

JIeMMa 1. Cyw,ecmeyem edu1iCmee1i1iafl 2apM01iU'ieC'KaJ(, e <C \ E rPy1i1'O'U,U.fl, YOOBAemeo­
p.R/IOUi,aJ(, YCA06U.fLM 

v>e(z) > 0, V>E( Z) ---40, eCAU Z ---4 Zo E E, 

© 0 , B. CHJlbIlaHOBH"'l, H . A. Il.lapoxoa , 2008 

39 



'PE (Z) ~ Cl (1 + I ZI~) H 'PE(x)lxl-~ -t 1npu x -t -00. 

I1YCTb Terrepb 

i; =	 {z E C \ E : 'PE (Z) = h}, h > 0, (5) 

Ph(Z) = dist (z, Lh), Z E c. (6) 

B [1] yCTaHOBJleSO, 'ITO eCJl U f E H~ (E), TO ,n;JUI mo6oro (J" > 0 Hatf,n;errC5I cPYHKIJ,l15I 

F(J E C~r,w ) TaKa5I , 'ITO 

IIF(Jllc~r ,w ) ~ C21lfll r,w 

11 

If(x) - F(J (x) I ~ c3 1 I f l lr,w P~ (X )W (p~ (x) ) , X E E, 

TO ecrs ,n;Jl5! paccssarpasaeuoro MaTCMaTU'leCKOrO KOHTeKCTa y CT a HOBJICH a rrp5IMa5I TeopeMa 

n p U 6JlI1)j{eHH 5I. 

UCJIblO H a CT05lID,eti p a60TbI 5IBJl5IeTC5I ,n;OKa3aTeJIbCTDO 06paTHOH TeopeM bI rr p n 6ml)j{eIIH5I 

na BBe) ~eHHOM paHee MHO)j{eCTBe E , KOTOpa5I Co r JIacy eTC5I C rrpHBe,n;eHHoti nsnne rrpaxroa 
Teope 1o,wfi. 

Teopexra . JIycm'b tipoc mpancmeo U,C.I/.'biX rf;yxr,;u,uu C~r ,w) otipedeneno 8 (4), ede w(x) 
yOo8.J1.em80pR,Cm YC.l/.08U1O (1) , W1Ca.JI.a rf;yxr,;u,uu Ph(Z) onpedeneua 8 (5) u (6). JIycm'b f E 
C(E) U npedno.notncus«, -cmo cyw,ccm8ywm nocmoR,XX'biC C4 U Cs mar,;ue, "i,mo d.l/.R, 8CR,'IW ~O 

(J" > 0 xaildemcR, rf;yu'/'Cu,u'!/'}',;. E C~r ,w ) masas, ""mo 

(7) 

u 
If(x) -- F(J(x)1 ~ cSP~(x) w (p~(x)), x E E , r ~ O. (8) 

Tozda f E H: (E ) u Ilfl lr,w ~ C6, C6 = C6 (C4, Cs , E, r ). 
)J,OKA:iATEJIbCTBO. ,nOK a3a T eJl b CT BO TeopeMbl 6y,n;eM rrpOBO)J,l1Tb, H CrrOJlb3Y5I IJO,DXO,n;, 

arrepaste n p HM eHenUbI ll B 06pa T HblX TeopeMax E. M. ,Ll;bIHb KllH bIM [21 . Paccaarpasaeaaa B 

TeopeMC CI1TyalJ,H5I no 'rpefiyer npu 3TOM pana cymecrneaasrx MO,ll;ll<pIlKaIJ,II i1 . 

Flpexczte scero, H CrrO Jlb3Y5I npezmonoacenae (8) , rrpo,n;OJDKHM cPYHKIJ,HIO f C MJIO)j{e CT B a 

E na BCIO KOMrrJleKcaylO rrJlOCKOCTb. I1YCT b 

Gn = {z E C \ E : T n- l < 'PE(Z) ~ Tn}, n = 0, ±1, ±2 , . . . , 

Qo = {Z:Iz + 11 < ~} . 
TIOJIO)j{HM 

bo (z ) = {F2n(z)(z + l)-r-l, z E c; \ tc, 
(9) 

0, Z E K. 

Crrezrya E. M . lI,h lHbKllHY [2, :3], orrpe,r.r;eJlHM 

1 .
o(z) = 4d1st(z , E), [(( z) = { ( : I( - z l < 5(z)} , z E C \ E , 

(10) b1 (z) = 1f5;(Z) Jbo(O dm2(O , 
K (z ) 

m 2 - - rr.J10CKaa M ep a Jlefiera. 
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COOTHOllIeHIUI (7) } 

lI,a.n e e , e cn n Z E Ql 

E CJII1 xce Z E G; \ ( 

8b}(z) obI(z 
OZ oz 

~;	 ( 

~ :,(
 
n 0 3 T OM Y MO)j{HO norry-r 

rne Co - a 6 COJllOTHa a II 

TIOJlO)j{IHvl 

EcJlH Z E Q2 \ Q 
3 a D11C5Irn;e fi OT C4 \ Cs>r 

I ~ 
nOCKOJl b K Y npa Z E Q. 

Ecrra )j{e z E Gn 
T OJIb K O OT MHO)KeCTB8 

Gn +z/) A Jl5I KOT OpbIX II 
Sho cBOil'CTBO aHa 

np a H3 YQeHHI1 nOJUiE' 

naT h 113 Jlexnrsr 2. 



- - -

IlpU X -., - 00. 

(5) 

(6) 

oro o > 0 Hai1 ,l1.ErrCH cPYHKl.'(IUI 

I), x E E, 
a YCTaHOBJl eHa npaxraa 'reopeva 

paTHofi r eopex u npH 6JIIUKCHH5J: 

c npaseaeaaoa nsnrre rr p5J:MOrr 

,w) onpeOMe1-LO e (4), 2ae w(x ) 
tei ewi 8 (5) U (6). Ilucm» j E 

u Cs manue, "imo a .lI.Ji eC.R.1C020 

(7) 

€: E, r ~ O. (8) 

1pOB0.LJ:i1T b , ncnorrsaya nozrxoa,
 
:JlHbIM [2]. P a c cM aTpHBael.laH B
 

K ~lO.n.RcPRKa~l rr .
 

>KH:-'I cPYHK~Il lO j C }.IHO)KeCT B a
 

7. = 0, ± 1, ± 2, .. . , 

(9) 

z)} , z E C \ E, 

), (10) 

C OOTHoweHHH (7) 11 (8) ,n.alOT, 'ITO 

b1(z) -4 j (X)(X + 1)- r- l , Z -4 X E E. 

I I
 
,Ua.nee, eCJIlI z E Q l = { z : [z + 11< 6" J' T O b1(z ) = O.
 

. ECJIH :m:e z E O; \ Q l , T O
 

8b1(z) 8(F2n(Z)(Z + l )- r- l ) 

8Z 8Z 

= :z (m);(z) J (bo(() - Fzn(() (( + 1)- r- 1) dm z(( )) 

K (z) 

1
= : z (ITO;(Z) J«+ 1)-r-1 ((( + l r+ bo(( ) - F2" «» dm z(() ) , 

K (z ) 

rr03T OMY M O)KHO norry -urn, CJIe,n.y lO I1'J,He o~eHKII 

:z(m);(z ) J«+ 1)- r-1 r« + l )'+lbo(() - .Fzn(() ) dmZ(O ) :::;; 
K (z ) 

:::;; grad ( ITO;( Z) J«+ l )- r- l r«+ l y +1bO(() - P')n(()) dm 2(O) :::;; 
K ( z ) 

:::;; Co sup 1(( + 1)- "-1 r« + l y+1bO(() - F2n(()) I· 5:(1 ), (11) 
(E K (z ) u z 

rne Co - a 6 COJI lOT Ha5J: rrOCT 0 5J:HH a5J: . 

TIOJIO)KH M 

Q 2 = {z= x+ zy : -~ :::;; X :::;; -~, Iyl :::;; 2}. 
ECJIU Z E (h \ Ql , TO H3 (11), (7) U (8) CJIC,II,yCT, 'ITO C n CKOTOpOU n o croannoa C7, 

3aBIIC5J:IIJ;eti 0'1' C4 , C5 , r 11 W, HMceM 

(12) 

n OCKOJIhK Y npa z E Q2 \ Q1 : [z + 11;0:: 1, dist (z, E) ;0:: 1. 
E CJIH )Ke z E c; \ Q2, T O K (z ) He nepec exaerca C Qo 11 cymecre y er Vo, 3 aBIIC5J:IIJ;ee 

TOJIbKO 0 '1' MHO)KeCTBa E II He 3 a BIIC5J:IIJ;ee 0'1' n -raxoe, qTO K (z ) nepecexaerca JUlW h C T eM II 

Gn +v , ,n.JI 5J: KOT Op bIX Ivi :::;; Vo. 
ch o CBo rr CTB O aHaJIOrIlqHO COOT BeT cT By lO IIJ;eM y caoa crny JII1Hllll ypOBH5I , OTM eqeHHOM Y 

npa 113Y Qe HllIl rrOJIllHOMllaJIbHhIX rrpI16:Ill:m:eHI1H - CM . [2, :3J, B aamexr cnyx a e 6y,n.eT cn ezto­

BaTh 113 t eMMbI 2. 
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B TaKOM cny-rae (ll) aneser 

(13) 

vb J12;..'NfhI 2 6 y.n:eT CJIe.n:OBaT h , '{TO C rr OCT05IHHOH C8 , 3 a BH C5IIJJ;e:l1: JIHllIb OT C4, Cs H E , n pa 

1f..L 1 ~ Va BhII10JIHHMa 

(14) 

TOI').~a (13) H (14) .n:a.n:yT 

(15) 

k + 1 k 
J1eMMa 2. Ilqcm» E' = U {av} U U {bv }, Do (z ) = dist(z, E ' ) , T02Ja npu x E E 

1.1 =1 1.1 = 1 

(16) 

I1p l iJ.vl e m lJl JleMMy I1. M, T a M p a30 Ba [5, rJI . 11 aHaJIOrH'{HO [5, 6], MhI ycr aaaarmeaeta cne­
AYIOIIl;Im <paKT. 

J1eMMa 3. Tlucrm. V (z ) - rjJy'IC'/-f,'U,'/..t.5t, 2apMOH.U"i eC1WJl, 6 C \ E u yJo6Jl,em6opJl.'IOw,a.R. ucoo­

6UJl..M 

V (z ) ---4 l0g ( ( hJDo(X)+ h2f w (h JDo(X)+ h2) ) , z ---4 X E E, h> O, (17) 

V (Z) = O(log(lzl + 1)), 00. (18)z ---4 

T02Ja cinuecmeinoni nocm ossocu e ci > °U C2 > 0, n e aa6ucJl.w,ue om z u h m axue, -cmo 

npu Z E C \ E cnpae ednueo coomnouien ue 

log ( ( h J Do (x) + h2f W ( h J Do (x) + h2
) ) - c~ ~ V (z) ~ 

~ log ((hJLi(xy + h2rW (hJDo (x ) + h2)) + c2' (19) 

3aKOHqUM 'reneps AOKa::~ aT eJIhCTBO TeOpeMhI. IIo JIo)KHM wn,v = F2n - F2n±v , V =I o. To­
rna wn,u -- IJ.eJIa5I <PY UKIJ.illl. nop5I,1I,Ka 1/2 II TIIrra 2n HJIH 2n+1vl, n pa 3TOM npa x ~ - 1 13 Cl1JIY 

COOTHoIlleHHi:I: (4), (7) C uexoropoa rrOCT 0 5IHHOrr Ao, He 3aBHc.;1ID;E:H OT x l1 n, npa Ivi ~ Va 
BhII1O.'I IUleTC5I H epa B eHCTBO 

(20) 

= 2n +voI1YCTh StL . Torzta COOT HOmeHH1l (13)- (15) H JIeMM hl 2 l1 3 anexyr 

Iwn,v(x )1~ A l (BnJ Do (x ) + s~ rW(SnJ Do (x ) + s ~) , (21) 

r ne x E E, [v[ ~ Va, ,lJ;anee , <PYHKIJ.H5I 

I n,v(Z) = log Iwn,v(z )l - v"'n(z ) - Sn<PE (Z) (22) 
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c y6rapMOHl1qHa B <C \ E 11 

n OCT OHHu a H C3He 3aBITCWI 

B TaKOM cny-iae (23)- (25) 

' l' a KU M o6pa30M, (22) IT (2 

IlOCTOH HHaH C5He 3aBllCIJ
 

3 nOKa3bIBaeT, qTO npn Z
 

C 0 6Hpa5I RM eCTe OIJ.eHKH
 

He 3 a B liCHIIJ.e fi OT Z , Bhm!
 

Ilycr s A(Z) = distr-1 (z, 
HhIM H OC5IM Koop)l,HRaT, 1 

)J,h IHh K YlH [7] )l,a)Ke )l,JUl 

.n:aH Ho t!. crarse , BJIeqeT ( 

<1)lIKCl1pyeM xa E Ei 
l a, 1111~ l a}· B lIOBh llCI 

I 



(13) 

eJ! JlUITIb 01' C4, Cs H E, npa 

- f 2n (z)j, (14) 

.(z) - F2n(z)/. (15) 

st(z,E'). Toeto npu x E E 

(16) 

/5.6), ~ Ibl y CTalJaB,l IIBaeM C.'I e-

E u yaoe' lemeopJ!'IOw,aJ! yc.rto-

Z -l X E E, h > 0, (17) 

(18) 

Ujue om z u h manue, "imo 

(20) 

(21) 

(22) 

rI ,I' = f2" - }2n ±", 1/ i= O. To­
, npn31'OM rrpn x ~ -1 B ClfJIY 

~eil 01' x 11 n, npa Iv l ~ I/o 

cy 6 r a p M OHH'-IH a B <C \ E M 06JJa,II.aeT B ClLJIY (20) R JIeM M 1 H 3 cs oacr aau a 

'Yn,v(Z) ~ b ~ v ~ + 1, (23) 

'Yn .,>(X) ~ c; , x E E, 

rIOCT 0 51HUa 51 C3He aasncar OT n, v fl X, 

'Yn ,v(X) ~ b ~ , v 10g(lx l + 1), x ~ O. 

B TaKOM cny xae (23)-(25) BJIeKy T COOT Ho m eIIHe 

'Yn.v(Z) ~ c; , Z E <C s, 

'1'a KHM 06P830M, (22) H (26) BJIeKy T onenxy 

(24) 

(25) 

(26) 

(27) 

nocroa a uaa Cs He 3 a BlICUT 0 1' n , Z E L n n v IIp U Ivi ~ va. Erne O.ll.HO npasteaeaae JIeM},I 2 n 
3 noxaasraaer, ' ITO UpH Z E Ln HMeeM 

(28) 

C 0 6 Hp lliI BMeCT e onenxa (19), (27) H (28), HaXO,llUM, 'ITO npa Z E <C \ E C a OCT051flHoi1 Cg, 
He 3 a BUC5lID;e i1 01' Z , BhmOJIH eHO coor tromenne 

18 b~~Z ) I~ cgdistr - 1 (z, E )w (dist(z , E )) . [z + l l- r- l , (29) 

TI YCTb >.(z) = dist r
-

1 (z, E )w (dist(z, E )). ECJIil Q - KB aAPa T co cr opoaasra I Q, napann ens­
HbIMH OCRM KOOp ,II.I IHa:r , 11 Q n E =1= 0, TO cnoacma (1)-(3) <pyHK o;HU w(x ), K a K 1l0 Ka3 E.M. 
).I;hm h K flH [71,II.a)Ke ,II.JIH MHO)Ke CTB rOp83,II.O 60JIee ofimero sana, '!eM paccaar paaaea sre B 

,n,aHHotl cr arse, BJIe 'IeT OU:CIIKY 

J>'(Z)dm2(Z) ~ cgIQ+1w(IQ). (30) 

Q 

<DI1KCflP y eM Xo E E ; nycrs 10 = 2(ak+l + Xo + 1), Qo - KBa,upaT {(x ,y) : Ix - xol ~ 
l a, Iyl ~ Io}. Bnons HCrrOJIb 3Y51 (1)-(3) ( CM . aHaJIOrU'IUb l e BbIKJl8,lI,K}l B [7]) , rr o n y s a e n 

J >.(z) 
-, - --Idrn2(z) < 00. (31) 
z - Xo 

Q 

060 3 Ha '-IHM -repea Qn, n = 1,2, ..., xna zrpar 
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I 
JiI c rr OJlb 3 Y.H (30) , H axoAHM , <ITO 

J [z +.ll-r- I,),(Z) dm 2(Z ) ~ clO(2nIor+lw( 2T1 fa) . (21'1 I )- r - 2 = oz - .1:0 
c; \Q n-l 

= cIQ(2l'1 Io)- IW(2n fa). (32) 

Y CJlOBn e (3) BJl e q eT CXO,um.IOCTh PM a 

00 

l ) 2n fo)-lw(2n fa) < 00 . (33) 
n = 1 

B TaKOM cnys ae (29)-(33) ,ll,aIOT, q T O npn BC.HKOM Xo E E BbIDOJlH.HeTC.H 

Jl
ObI(z) Idm2(z) < (X)

ai [z - xo l ' 
c 

rorna c Tal IAapTHble paccyxcnes a a C npllM eHeHlIeM <t>OPM YJ'Ib I I' pnaa BJleKyT paneacreo 

(x + l)-r- l j(.1:) = -~ Ja bl ~Z) dm2(z), 
7f az z - x 

c 
TO ec'rs 

j (x ) = - ~ f abl ~Z) (x + l y+l dm2(Z) , (34) 
7f . az Z - .1: 

C 

Tlponepxa B0 3 MO)KHOCTH ,ll,n ¢<t>ep emiup oBaHIDl paBeHCT Ba (34) n p OXO,ll,JIT C HCIIOJIb30BaRI1eM 

COOTH OlJleHH~ (29) n (30). 3 aM€'I' llM , 'ITO 

(:;; + l y+l (x - Z + z + l y+l (z + ly+l -'---'-- = = 7f r (x, z) + , 
z -x z - x z -x 

7fr (X, z) - rr OJ1I1HOM 0'1' x crerreaa r, n 0 3TOMY npa x li X2 

Or (x + ly+l I Or (X + l) r+ 1 r+l ( 1 1 \ ("-- =T! (z +l) ' ---­rax z - X ax r z - X (z - x zY+ l (z _ x d r+1 )' :55) 
X ==X 2 

C .'le,n:oB a'l'CJl b HO , (34) II (35) ,'laIDT 

j(r)(xz) - j(r)(xd = -~ 7'! j'(Z+ l r+l a b~ ~z_~ (( 1 y+l - ( 1 Y+ ) dmz(z), I7f uZ Z - Xz Z - Xl 
C 

TaK n~ l oop aao xr , rrpa Xl, X 2 E E 

Ij er)(X2) - jer)(Xl) I ~ CIa J..\(z) I(Z _ ~2Y+ 1 - (Z _ L)r + l Idm2(Z). (36) 
C 

I1HTe r p a JI , lIO HBJUI IDlll, ll n CH D npasoa -qa CTn (36) B nonmrosraan saox; CJJy 'Ia e rr p a Ilpe,'ID O,TlO­

»cenaax (3) ouenunan E . .M.)lblIIhK HH [2, 3, 7]. Era p a c c y aczienua n p aK T H ' WCKH 6e3 n 3Me­

B eH HH n ep eH OCHT CH na ,ll,a HHbJt1: lICKOMllaKTHhl fi cny -ra a, II MbI n o n y xaexr 

It<r)(J;z) - j <r)(x d l ~ C;lw(!X2 - XI I) . 

Teopeu a AOKa3 a Ha . 
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