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MH BAPMAHTHbIE MHO)KECTBA CMCTEMbI 
YITPABJlEHMSI ITPOIJ;ECCOM 
BMOJlOrMLJECKOM OLJMCTKM 

A. H. KI1PI1JIJIOB 

Hncm um sjm. n pU1Wl.aoH/bLx .M.ame.Mam U'iecx;u x uccne doeoscuii 
Kapem. cxozo tuurcnozo ue nmpa PAH 

PaCCMoTpeHa MHorOMepHa51 HeJIl-lHeihra51 ,L\I1HaMllqeCKa51 CI1CTeMa, OITI1ChlBaIOUW_51 
npouecc 6110JIOrW-IecKoti OQI1CTKI1 . Ilocr poeau I1HBa pl1aHTHbIe MHO)KeCTBa CI1CTeMbL 
I1pe,L\JIO)KeH MeTO,L\ cTa611JIH3a U;1111 npouecca , OCHOBaHHblH ua npa sezrenaa TpaeKTO­
pnt! B 3Tl1 MHO}/{eCTBa. 

K JI IO CIe BbIe CJI0 Ba: HHBa pl1aHTHOe MHO)KeCTBO, ,lJ,I1HaMliCleCKa51 cucr esca , ynpas­
rrenae, 6110JIOrllQeCKa51 OQHCTKa. 

A. N. Kirillov. INVARIANT SETS OF A BIOLOGICAL 
TREATMENT PROCESS CONTROL SYSTEM 

A mult id imensional nonli near dyna mic system used to describe the biological 
t reatment process is considered. Invari ant sets of t he system are built. A process 
stabilization method based on routing t he t rajectories into these se ts is proposed. 

K ey W0 r d s: invariant sets , dynamic sys t em, con trol, biological treatment. 

BBE,LJ;EHI1E 
Hl1e M 8oTeM8oTI1 QeCKOrO M O,L(eJll1pOBa HI1 5I B npax­

TI1K e I1H )KeHepHbIX p8oCq eTOB . M O,L(eJl b ASM138o,L(8oQa c T80611JUI38U,lUf npo uecca 6 110 JlO r W1e­

CKOH O ~lI1CTKI1 CTO~IHbIX BO,L( Hrp80eT BaMHylO P OJl b npe,L(CT 8oBJl 5IeT c060i1 CI1CTeMY HeJl I1HeHH bIX 06b1K ­


B npoti rrexre ox pansr oxpyxcaioutea cperrs r. OT ee HOBeHH blX ,L(H¢¢epeHll,IIaJIb l-fb IX y p8oBHeHHH, 8oHa­


flHT I1Qe CKOe H K8oQeCT BeHHoe HCCJl e,L(OB8oHHe KOT O­
ycneurn o r o peUJe H I15I 38oBI1CI1T K8oQeCTBO rnrr t. esoa 

BO,L(bI , KOJl W 1eCTBO K OT o p o H B p a c -re r e H80 O,L(HOrO PO H rr p 8oKTI1 QeCK I1 HeB03MO)KHO. MMeeTC5I ,L(OCT8­

TOQHO 60JlbUJoe KOJl I1QeCTBO p a60T, CB5I38oH H blX C-rerroaexa B n e pnozt C 1 970 n o 2002 1"1"., n o ,L(8oH ­

HbIM Ileirr pa 3KOflO rl1~leCKOH rr Ofll1TI1 KH P OCCI1I1, y rtpo ute naexr ,L(8oH HO H MO,L(eJlH . I'lpa 3TOM I1CnOJlb­

3 YlOT JlHHe8op Vl3 a u,HIO, ,L(eKOMn03 Vlu,VlIO , yMeHbme­YMeH b UJI1JlOCb B,L(Boe [,lJ,aHl1flOB-,lJ,a HI1flb5IH, 2 0 0 91 . 

CJlQ)K H OCTb n p ouecca 61100 q 11CTKH, OrpaHI1QeH­ mre paasr e p n ocrn [Steffens e t al., 199 7 ; Chachua t 
H a 5I B03MOMH OCTb n p OBe,L(eHI15I aarypnsrx sxcne­ et al ., 2 0 0 3; Smets et al ., 200 3 J. CJle,IJ,yeT 38oMe­

T VlTb , CITO HeCM OTp5I H 80 CJlO)KHOCTb, B MO,L(eJlVlpl1MeHTOB [EBHJle BI1Q, B p 8orI1HCKm1:, 1 9 7 9J n pn­

BO,L(5IT K He06xo,L(I1M OCT I1 8oKT I1BHO HCn OJl b30 B8oTb A SM I He YCITeH a M HOrOBI1,L(OBOCTb COCT8oBa MVlK­

pOOpra HI13MOB 8oKTVlBH OrO l1.n a . M 8oT eM8oTW1e CKoe MO,L(eJl l1pOBaHI1e ,L(Jl5I ynpa ane ­

HH5I 3 T I1M n p o u ecco xi . B 1 987 r . 6blJla C0 3,L(8oH 8o Tlpoueccsi, npOHCXO,L(5I w,Vle B CI1CTeM e 6 H O­

T8K H a3bIB8oeM 805I MO,L(eJlb ASM1 OQI1CTKH CTO Q­ OCIVlCTKH, ,L(O CHX nop M8JIO asy-reasr, n03ToMY 

HblX BO,L( C rt o sionn.to 8oKTI1BHOrO I1Jl8o [He n z e et n o c r p o eane 8o,L(eKB8oT HoH MO,L(eJlVl, YCIVlT bIBalO­

al., 1987], KO TO p 805I CT H M yflHpOB8oJl 8o I1CrrOJlb3 0Ba - w,e i1 paan u-un.re CTOpOHb I 3TOr O npouec ca, B 

--------~-------<0
 



:

H aCT051I~ee Bpel\151 HeB03MO)KHO. BH,lJ;I1MO, c rr ezry­

eT cOCpe~OTO qHT bC51 Ha pa3pa60TKe KOMrrJIeKCa 

~OCTaTO q HO rrpOCTbIX H rrpHeMJIeMbIX C HH)KeHep­

HOH TOqKH 3peH H 51 l\10~eJIeH, npmaenenne KO T O­

psrx ~JI51 rr OB bIllIeHH51 3cPcPeKTHBHOCTH npouecca 
6HOOqHCTK H He BbI3bIBaJIO 6bI 60JIbllIHX sarpyn­
HeHHH . 

B liaCT 051llI,e H paoore npennaraercs M eTO~ 

cTa6HJIH3a~HH npouecca 6HOOqHCT KH, OCHOBaH­

HbIH Ha rr OCT p o eHHH H H Ba p HaHTHoro M HO)Ke­

<:TBa B ~HHal\,.1l1qeCKOH CHCTeMe ynpaanenna . B 

xaxecrae TpOcPH qeCKOH cP YH K ~HH HCrrOJIb3yeTC51 

cPYHKI..l,H51 MOHO [Brun e , 1985; B a BHJI H H , 1986]. 
Flpn 3TOM y r r en MHO roBH~O BOH COCTaB cooouie­
CTBa MHKpoopraHH3MOB. Y rrpa13JI51IOI..IJ;Hl\1 B03~eH­

CTBHeM 5lBJI 51 eT C51 CKO pOCTb B03BpaTHoro rr OT O­

Ka HJIa. )1,orrycTHMble y rr paBJIeHH51 - K y COq HO­

rrOCT051HHbl H rr p H HHM alOT scero ziaa 3 Ha'IeHH51, 

qTO ynpouiae'r npax-mxec xyro peaJl H3a~HIO aJI­

roprrrxra c T a 6 H JI H3 a I..l,HH. 

MO,LJ;EJlb 11 rrOCTAHOBKA 3A,LJ;Aq11 

By~eM paCCMaTp HBaTb np ouecc 6HOJIOrt1:qe­

CKOH OqHCTKH, B bI~eJIHB H3 ero T e XHOJIOr Hqe CKo t'I 

cxextst a3pOTeH K H BTOPHqHbIH OTC TOHHHK . P ac­
CMOTpHM c00 6 I..IJ;e CT BO M I1K p OOpraHH3fvIOB, aaxo­
~51llI,eeC51 B a3p OT e H K e . fIYCTb rrpOHC XO~ H T na­
paJIJIeJIbHOe norpetineane cyticrparos [Ba BH JIH H , 

19861 , T . e. i -H MHKpoopraHH3M rroTpe6JI51 eT i -H 

cyocrpar, i = 1, ... , n. Ilpn 3TOM HCrrOJIb3yeM T pO­

cPHqecKY IO cPYHKI..l,HIO MOHo. TaKHM 06pa30M, no­
nyxaei« ~HHaMHq ec KY lo cac'resry, 0l1HCb1I3aloruyIO 

npouecc 6 H OJIOr H q e CK OH OqHCTKH 

Xi = uali + h(Xi, Si) - (b + U) Xi, (1) 

s, = ba2i - di!i(Xi, Si ) - (b + U)Si, (2) 

i = 1, ... , n , 

r~e 

Xi , s, - KO HI..l,eHTpaI..l,l151 i-x B H~O B MHKpoopra­

HH3Ma H cyficr par a, COOT BeTCTBeH HO ; d i = ~;' 
Yi - K03cPcP HI..l,HeHT Y T HJIH3aI..l,H H z-ro BH~a c y6­

crpara B 6 HoMaccy i-to BH~a M HK pOOpraIUI3­

MOB; ki , f.ti - KO HCTaHTa rr OJIYHa CbI llI,eHH 51 H M a K ­

CHM a JI b Ha 51 y~eJI bHa51 CKOpOCTb p OCT a , COOTBeT­

CT Be H HO, M HKpoopraHH3MOB z-ro BH~a; U , ali ­
CKOp OCT b H KOH I..l,eHTpaI..l,H51, COOT BeTCTBeHHO , i -ro 

BH~a M HKpoopraH H3MOB B B0 3Bpa T HOM rrOTOKe; 

b,a2i - CKOpOCTb H KOHI..l,eHTpaI..l,H 51 , COOTBeTCTBe H­

HO, i-t-o BH;J:a cyocrpara aa a x o .ne. Ilapasrer-psr 
CHCTeMbI, eCJIH o c 0 6 0 He orosopeno , Cq HTaeM no­

CT051HHbI M H. By~eM no.nara-n. , qTO ynpaaneaneu 
5lBJI51eTC51 CKOpOCTb B03BpaTHoro rrO T OK a U KaK 

Ha H6 0 JIe e T ex H W l eCKH rr pOCTO per-yrrn pyewsrit na­
paxierp . Flpa 3TOM BBO;J:HM OrpaHHqe H H 51 

uE [Ul , U2], 

rne Ul , U2 - rpaaa -msre 3 HaqeH H 51 CKOpOCTH U, 
o ~ UI < U2 ' fIYCT b ~onYCTHMoe ynpaanenae 
5lBml eTC51 KycOqHO-nOCT051 H H0I1 cPYHKI..l,HeH U = 

u( x, s), U = (Ul, ..., un), S = (SI , ... , Sn)' 
3a;J:a qa c Ta6H JIH3aI..l,HH np ouecca 6HOJIOrHqe­

CK Ot'r O<IHCTKH CTOqHbIX BO~ COCT OH T B naxoxcne­
HHH T a KOI'O ;J:OnycTHMorO yrrpaBJIeH H 51 U, npn KO­

T OpOM , H a q HHa 51 C He K OT Op Or O M OM eHTa BpeMeHH 

i" , BbIlIOJIHmOTC51 yCJIOB H51 

t ~ r , i = 1, .. . , n, 

r~e Xim, Sim' - rrpe~eJIbHO ~orrYCTHMble K OH I..l,eH­

TpaI..l,HH i-to BH~a M HKpoopraHH3MOB H cyficrpa­
TOB. 

MHO)Ke CTBO !VI 5lBJI 51eTC51 H HBap HaHTH bIM ~JI51 

CHCTeMbI y rrp a BJIeHH51 z = [i z ;u), eC JIH H aH~eTC51 

~o rrYCTlIMOe y npaanen ne U 'raxoe, qTO COOTBeT­

c T By IO llI,a51 TpaeKTOpH51 x( t , u) rrp HHa~JIe)KHT M 
rtpn ecex t ~ to, eCJIH OHa Ha'IHHaeTC51 B T OqKe 

X(to,u) = Xo E M , T a KH M 06pa30M, nony-raexr 

aazraxy HaXO)K~eH H 51 ~orrycTHMoro yrrpa BJIeHH51, 

np n KO TOpO l"I MHO)KeCTBO 

M = {( x,s): Xi E [O, Xim],Si E [0, Sim], i = 1, n} 

6y~eT H H 13a p H a HTHbIM ~JI 51 CHCTeM bI (1), (2). Ilpa 
3TOM T aK)Ke B0 3HHK a eT aazra-ra nepesozia na-rans­
HbIX T Oq e K 13 M aa KO HeqHOe BpeM51. )1,aJIbHeHllIee 

H3 JIO)Ke HHe rr OCB 51 llI,eHO peureanro 3THX 3a~aq. 

3aMeQalUle 1. Byzie » Cq H T a Tb, qTO ~orrYCTH­

Moe ynpaa rrenae He TOJIbKO KycOqHO-nOCT051HHO, 

HO n pHHHMa eT JI HllIb rpana -nrsre 3HaqeHH51, Bo­
neps stx, TaKoe ynpaarreune T eXHHqeCKH npome 
pean aaoaari., a BO-BTOpbIX, ~06 aB JIeHHe K rpa­
HHqHbIM 3 HaqeHH51M TO qeK H3 H HTepBaJIa (Ul' U2) 
He paCWHpH T B03MO)K HOCTet'r c Ta6 H JIH3 a I..l,H H CH­

CT e M bI , ' IT O 6y~eT B H~HO H3 ;J:aJl bHeH W e r o H3JIO­

)KeHH51, T a K H M 06pa30M, sreroz; y rr p a BJI e HH 51 06­

JIa)J,aeT CBOHC TBOM p eJIeHHOCTH, T . e . 5lBJI51e TC51 

y npaanea aev THn a «bang-bang control». 

I1HBAP11AHTHbIE MHO)l{ECTBA 

B pariore [KH pHJIJIOB , 1994] paccsra'rpaaanacs 
CHCTel\,I a TH11 a (1), (2) )J,JI51 cny s a x O)J,HOro B H)J,a 

M HK p o o p r aHH3 M a H cyocrpara H , B q a CTHOCTH , 

penran acs aazia-ra cTa6HJIli3aI..l,H H rr OJIO)KeHI1 H 

paB HOBeCH5I . Cnenyer OTMeTHTb, qTO T pe60BaHHe 

aCHMrrTOTHqeCKOH YCTOHqHBOCTH OT)J,eJIbHbIX co­

CT051 H H H CJIO)KHOH 3KOJIOrHqeCKOH CHCT eM bI H3­

JIHWHe )KeCTKO H B peaJIb HOCTH He oCyllI,eCT BH­

MO . )1,oc TaTOqHO Tpe60BaTb YCTOHq HBOC T b rr o 

Jlarpanxcy KOHI..l,eHTpa~HH cyocrparoa H MHK­

p o o p r a mta xr o a . )1,JI51 npnponnsrx 3 KO JIOrH QeC K HX 

CHC' 

p e)j 

aax 
pas 
a HT 

I 

BHe 

JIe 

20e 
OJlJl 

WU 

jI,01 
TOq 

CHC' 

Ha 

eM 

OC1 

z = 
CHe' 

.fUM 

C1W 

jI,0" 
yCT( 

CMa 

HeH 

(2), 
KOT! 

)Kec 

rr OJI 

.aa c 
M z ' 

I 
HIre 
IOIII,I 

pan . 

r~e 

{z 
CTB,) 

[A(l 
(1 ­
C K 

[A (( 

(8---- - - ------------------­



~

na-

II IL, 

l Im e 

U = 

H'le­

K,ll,e­

[ KO­

rem1 

(3) 

l..\eH­

.rpa­

,1l.JIH 

;eTCH 

rser ­
,T M 
O'lKe 

%eM 

1,n} 

TIPI1 

IaJIb­

Hrnee 

1'1. 

yCTI1­

mHO , 

. 80­
pouie 
rpa­

1, IL2) 
H CI1­

H3Jl0­

51 06­
~ eT CH 

?JIaCb 

311,1l.a 

OCTII, 

CeHI1H 

3aHl1e 

IX CO­

bI 113­

CTBI1­

~b no 
11l1K­

eCKI1X 

CUC'1'e l\-I, 3'1'0 nnepasre O'1'Me'leHO B p aoore [ C BH­

pexcea, Jl o rocpe-r, 1978], rne HCCJIe,lJ,OBaJIaCb ,lJ,H­

Har-.!l1K a B3 a I1M O,lJ,ei1c T B H 51 no rtynaunn . TaKI1M 06­

p a30M , npI1X O,lJ,H M K aanaxe nOCTp OeHH 51 I1H Ba p H­

aH '1'HblX MHO/KeCTB CI1CTeMbl (1), (2) . 
CJIe,LJ,yIOIl1,a51 JIeM i\la 1 rtaer rtocraro-moe yCJIO­

sne I1H Ba pW;\HTHOCTI1 M HO/KeCTBa M. 

JIeMMa 1. Muotncecmeo 

M = {( x,s) : Xi E [O, Xim], Si E [O, Sim]} , 

zoe i = { 1, ..., n }, Jl6AJlemCJl uneapiuucmsucsc 
OAJl CUCmeM"bl (l), (2) np u docm amowno 60A'b­
wux 3Ho,"teHU1L Xim, Sim' 

J!.01W3o,meJl'bCm60. ,lJ,JI 5I ,lJ,OKa33.TeJIbCTBa ,lJ,OCTa­

TO"IHO paccxio'rper r, 3Ha'leHH 51 3HaKOB Xi, Si 113 

CI1C'1'eM b l (1), (2) ,lJ,JI51 KO HK p e '1'Horo 3 Ha 'leHI151 i 
s a rpaHHIJ,aX MHO)KeC'1'Ba (3), orxyna norry-ra­
eM YTBep/K,lJ,eH l1e ,lJ,JI51 KO HKpeTHoro 3 Ha 'le HH5I L 

OCTaJIOCb 3aMeTI1Tb, 'lTO M = ],,11 x .. . x lvIn . 0 

I1YCTb Zi = dix, + ei, D; = dio,liU + bo,2i, 
Z = Z I + .. .+ Zn, D = D l + ... + Dn. PUCCMOTPI1M 

CI1CTeMY 

Zi = Di - (b + U)Zi , i = 1, ... , n. (4) 

JIeMMa 2. MHO:JICeCm6o, 

Mi z = { (x,s) : Zi = b~~},Vi E {1, ...,n}, 

M z = {( x ,s) : Z = b~u } 
.R.6J1Jl1OmCJl U'H.6o,pUo,Hm'H.'bLMU U o,C1LMnmomU"te­
CKU ycmou"tu6'blJ'vtU JAJl cucme.Jit'bl (4). 

J!.01W3o,meA'bCmeo. I1o H 51 T He aCI1MnT OT W leCI,OH 

YCT OH 'lI1IlOCT H H H BapHaHTH b lX MHO)Ke CTB pac­
CMaTp l1BUJIOCb B [3 y 6 0 B , 1982]. Yr-. IHO)KI1B ypas­
aeaue (1) aa d i 11 npl16aBHB ero K ypaBHeHHIO 

(2), nOJIy '-l I1M JI H HeHHyIO cnc'rexry (4), 113 BI1,lJ,a 

KOTOp OH CJIe,lJ,yeT yTBe p )K,lJ,eHl1e JIeMMbl ,lJ,JI 51 M HO­

/KeCTBa M iz . CJIO)KHB y pasnenaa CI1CTeMbI (4), 
110 JIY 'lHM ypaaaenue i = D - (b + u) z, OTKy­

na CJIeAyeT y-raepxc.nenae JIeMMbl ,lJ,JI5I M HO)KeCTBa 

~. 0 

I1Y CT b A (1lj) = (Zl (1lj), .. ., zn(Uj ) ) - 110JIO)Ke­

Hl1e paBHOBeCI151 CI1CTeMbl (1), (2), cocreercrey­
iornee ynpaBJIeHH IO Uj, j = 1, 2. P a CCM OTp l1M na­
p aJIJIeJIe nHl1e,lJ, 

p = {z : Zi E [Cli , C2i], i = 1, ... , n} ERn , 

rne Cli, C2i - 3 a,lJ,aHHbl e rrO CT 0 51HHble, pO 
{Z : Zi E (Cl i , C2i) ,i = 1, ..., n} - COOT BeT ­

C'1'By IO Il1,H H OTKPblTbIH nap aJIJIeJIeIIl1IIe,lJ, . I1YCT b 

[A(ud , A(U2 )] { z Z aA(ul) + 
(1 - a)A(u2), a E [0, In - OTpe30K B H", 
C KOHIJ,aM I1 A(UI), A(U2 ) , (A (u d, A(U2)) 
[A (UI ) , A (U2)] <, {A(Ul , A (U2)} - BHyT peHHoCTb 

OTpe3Ka [A(ud , A(1l2)] . I1Y CT b R~ - MHox,eCTBO 

TO"IeK Z E R" C He OT p l1IJ,a T eJI b H b I M H KOOp,lJ,I1Ha­

TaM H . 

Teopexra 1. flycm'b 

pO n [A (UI ) , A(U2)] = [B l, B 2], 

ede B , i- B2, [B I ,B2] E (A (u d ,A(U2) ) ' 
Tozoa A106y1O mo"tKY Zo E R~ C nOM01Jl,'b1O 

Jonycmu.Jitozo impaenenus: MO:JICHO 30, xone-cnoe 
epescs ncpeeecmii 6JOA'b mpaexmopuii cucme­
M'bi (4) 6 napann enenuned P , «omopu ii ,fWAJl­
emcn UHoapUaUm'H.'bLM .Nt'H.O:JlCecm eOM cuc m e.M'bi 
(4) . flP1l 3mOMompe30K [B l , B 2] 6yJem 1l'H.6apU­
anmn cu.« aCU.Nmmomu"tec'fl,U ycmmL"tU6'biM M'H.O­
» cecm eosc. 

Iloxasamenecmeo. 060 3 H a 'l l1M A (u d A I , 
A (U2) == A 2 . ,lJ,JI51 JII060H Ha " IaJI b HOH TO'lKI1 Zo 
rrOJIO)KI1M U = UI (HJII1 U = U2) ,lJ,0 'rex nop, 
noxa Tpa e KTOpH5I, Ha'lI1Ha IO Il1,a5lC51 B 3 TOH T O'lKe , 

H e non aner B ,lJ,OCT a T O'lHO M alIY IO OKpeCT HOCTb 

U(Ad TO "IKI1 Al ( I1JI I1 A 2). I1oCJIe,lJ,Hee O'leBI1,lJ,HO 

B CHJIy rJI0 6 a JI bHOH aCI1Mn'1'OTH'leCKOH yCTOH'-lI1­

BOCTI1 nOJIO)Ke HI151 paB HOBe CI151 Al CHCTeMb I (4) 
[KI1P I1JIJIOB, 1994] . Tpa eK T OpI111 CI1CT e M b l (4) ­
n pa xrste. ,lJ,eHcTBHTeJIbHO, H3 (4) CJIeAyeT, "ITO 

D· 
Zi (t ) = wiQ e x p ( - (b + 1l)(t - to)) + b +t ' 

u 

r,lJ,e wiQ = Zi(tO) - b~'u' Torzia JII06a51 .rpaex'ro­
pl151 5lBJI51eTC51 I1P 51M OH (JIY"IOM) Z = Wo + D T , 

- ( ) D - (.u.: J2LL )r,lJ,e Wo - WIO, ... , 'Wno , - b+uj' . .. , b+u j , 

T = exp ( -(b + Uj) (t - t o) ) . o '-leBH,lJ,HO, O'1'p e3 0 K 

[A 1, A2] n p I1Ha ,lJ,JI e )KI1T TpaeKTOpl151M, npOXO,lJ,51­

Il1,I1M -iepea TO'-lKy A l I1pl1 U = U2 H -tepea TO'lKY 

A 2 npn U = ul , COOT BeTCTBeHHO . I1YCTb l - rrpa ­
M a 5l , K OT Op OH npH Ha ,lJ,JIe)KI1T oTpe 3 0 K [AI, A 2]. 
P a CCT 0 5lHHe 0'1' TO'lH Z ,lJ,0 np51 M OH l 0603Ha'lHM 

-repes p( z , l ) = minllz - yll , r,lJ,e MI1 HHMyM HOp­

Mbl 6epeTc5I no BceM TO'-lKaM y E l. P accu cr pau 
IJ,HJI I1H ,lJ,P C(c) = { z : p(z, l ) ~ c} C OCbIO l . I1o ­

CKOJIbKY OTp e30 K [AI, A 2] nepecexaer BH y T2eH­

HOCTb p Ona panrren en a rrezia P, T O IJ,I1JIHIi,lJ, P C(c) 
I1p H ,lJ,OCTaTO'-lHO MaJIOM E T a K )Ke nepecexaer t». 
I1YCT b OK peCTHOCTb U(A l ) HaCTOJIbKO MalIa, "ITO 

U (A d C C( E). 
I10 CJIe no naaaaa a TpaeKT opHH B ormcaa ­

Hy IO OKpeCTHOCTb U(Ad, 'lTO B03MO)KHO B CH­

JIy aCHMrrTOTWleCKOH yCTOH"IHBOCTH n OJIO)Ke H H51 

p a BH OBeCH51 Al IIp H U = UI, nepeKJIlO'laeM 

yrrpaanea ne Ha 3 Ha'le HHe U = U2. Torrra rpaex r o­

pH51 , OCTaUa5lCb B IJ,I1JIHH,lJ,pe C(c) , raxace rrepece­

-r er pO. I1Y CT b P == C(c)np, B == P " pO . T paex­
T Op I151 BXO,lJ,HT B nap arrnenenanen P , TO'lHee B 06­

JIaC'1'b P, n e p e c e x as ee rpaaauy B. I1e p eKJIIO"IHM 

---------------------------<@
 



i

,

I

ynpaane n n e n a 3Ha<IeHl1e U = UI B MOMeH T BbIXO­

.na Tpa e K T Opl1Il v!3 06JIaCTlI P -repes r panuuy I3. 
~aJI ee BTOpWIHO rtepex.rno -raexr y rr pa B JI~Hl1e rtpn 
non an aau n T paeKTOpHH na r paHI1 I1J' B . ITOJIy­

'-lae M n OCJIefJ,OB a T e JI bHOCT b y rr paBJIeH I1H H COOT­

BeTCTBY IO~I X OT pe3KOB T paeKTO p l1H [Rk, Rk+d , 
ra e Rk E B . ITP I1 :nOM [Rk, Rk+d ---+ [BI , B2] B 

TOM CMbIC.ne, '-lT O p([Rk' Rk+l ], [B I , B 2 ]) ---+ °n pn 
k ---+ 00, rne p([Rk, Rk+l], [B I , B2]) == min llz - yll 
rro BCe M Z E [Rk, Rk+l], y E [B I , B2], k = 
0,1,2, . .. ,. ~eHCTBI1Te.nbH o, eCJII1 z(t, to, zo,Uj) 
z(t), z(t,to,zO,Uj ) == Z(t ), TO 

p([Rk' Rk+l], [BI , B2])
 

:::; IIZ(t) - z(t)11= II Z(tOkJ - Z(tok ) 11
 

X exp( - (b + Uj )(t - tOk),
 

rzre t E [tOk, to(k+l) J, tOk - MOMeHT n epe K JI IO­


'-leHlUI y npasnena a , Z(t , to, ZO,'Uj ) - T paeKTO­


pas CI1CTeMbI (4 ) , cooTBeTcTBylO I.I.I,a 5J. y npanne­

HI1 IO Uj 11 yfJ,OBJIeT BOp5l10 I.I.I,a5J. Ha'-laJIbHoMY yCJIO­


BI1IO z(to1 to, zo,Uj ) = zo o TaKI1M 06pa30M, 01'­


pe30K [B I , B 2 ] - I1HBapl1aHTHOe aCI1MrrTOTI1'-le CK I1
 

yCTOH'-lI1BOe l\IHO/l <eCT B O CI1CT e M b I (4). 

D 

3aMeqaHI1e 2. K a K CJIefJ,yeT 113 fJ,OK a3aTeJIbCTBa 

'reope -rsr 1 , KO HKpeTHhlt'r B I1fJ, cPY H K U:l1ti /i(Xi, s.) 
He BJIH5J.eT na MeTOfJ, cTa6HJI I13aU:H I1, n03TOIvl Y 

MO/l<HO CcPOpMyJIl1pOBaTb y'r ae pxczieuae, a HaJIO­

r l1 '-lHOe TeopeMe 1 , HO 6e3 KO HKpeT I13au:mI 3Tl1X 

cPyHKu:vIH . 

3aMeqaHI1e 3. B CHJIy JIHHeH HOCT I1 CI1CTeMbI 

( 4), HeCJIO/l<HO nony-nrri, o uenx y BpeM eHI1 nona­

fJ,aHH5I 'rpaex'ropun H3 JII060H Ha'-laJIbHOH TO'-lKH 

B P. 

3aMe'-IaHI1e 4. ITo cTpoeHHbIH aJIrOpl1TM cTa6 11­

JIH3aU:HI1 O'-leB I1fJ,HbIM 06pa30 M rrpl1MeI-lI1M B CJIy­

-rae , xor.aa KOH u:eHTpaU:I1H cyocrp aro s a2i na BXO­

fJ,e B O<UICTHyIO CI1CT e M Y To<m o H eI13 Be CT H bI , HO 

113BeCTHbI npOMe:tKyTKI1 , KOTOp bIM OH I1 n pana zt­

rrexca'r a2i E [a2imin, a2imax], ~JI5I aroro T p e6 y ­

eTC H COOTBeTcTBylOI.I.I,I1M 06pa30M CKO p peKTl1pO­

BaTb n o cr p o enne U:HJIl1lifJ,p a C(E). ITPH 3TOM npn 

lie6 0 JI b W HX 113MeHeHl15J.X rrOJIy '-le H H bIH pesyrrs­

TaT MO/l<HO I1CrrOJIb30BaTb 11 B c.n y x ae KyCO'-l HO ­

nOCTOHliH b IX a2i . 

3aMeqaHI1e 5. B 'reopesre 1 fJ,OKa3aI-la aCI1Mrr­

TOTWleCKa 5J. yCTOH<II1BOCTb MHO/l<eCTBa [BI , B2]. 
81'0 0 3I-1a '-la eT, '-lT O n p u COOTBeTcTBylOI.I.I,eM 

yn p aane a a n B CI1CTel\Ie (4), a Bl'vIeCTe C TeM 11 

B CI1CTeMe ( 1), (2) 1 B0 3 H l1K a e T aC HMrrTOTI1'-leCKI1H 

rrepHO,lI,WleCKI1H YCTOH'-lHBbIH pe/l<I1M . B p a o o re 

[Marpoc, 1 9 8 7]l1c cJIe,lI,OBa JI C5I s onpo c 0 n OBblIIIe­

H I1I1 3cPcPeKTH BHOCT l1 X HM I1KO-TeXHOJIOrH '-leCKI1X 

npoueccon B pea yn s r ar e I1CKyc cTBeHHoro BBefJ,e ­

Hl15J. n epHOfJ,H'-leCK I1X pe:tKI1MOBI1X CpyHKU:HOHl1pO­

BaHHH . ITp e,lI,JIO:tKeHH bI H MeTOfJ, yrtpaanenua rros­
BOJI 5Ie T I1CCJIefJ,OB a T b 31'01' sonpoc ,lI,JI5I npoueccos 
6 HOJIO l'I1 '-leCKOH O'-l I1CTKH . 

CTABI1JlI13All,IUI 

BepHeMC5I K aaziaxe cTa6l1JIl13aU:1111 npouecca 
6110JIOiWIeCK OH o<II1CT KI1 , COCT05l1u:eH B npasezte­
H I1I1 T p a eK T Op 1111 CI1CTeMbI ( 1), (2) aa KOHe'-lHOe 

Bp eM5I B 06JIaCTb (3). HI1:tKe JIe,LI.ylOI.I.I,e e YTBep :tKfJ,e ­

lfl1e ziaer fJ,OCTaTO'-lHble yCJIOBI151 pa3peW HM OCT H 

3 T OH 3afJ,a'-l H . 

Teopexia 2. JIycm 'b dJul. sc ez i = 1, .. ., n , ] 
1 , 2 

ali - Yi a2i t= 0, 

o, o,
:::; Xim, - - - ~ Sim' 

(b + uj) di b+ u j 

T02da dJl.Jl Jl.106020 rui suuuacozo cocmosucusc 
(xo, so) E R~n -cepes xone-cnoe epeux 6ydym 6'bl.­
nO./l.1iJlm'bCJl YCJl.06UJl (3). 

Iloxasosnenecmeo. PaCCMOTpl1M KaKylO-JIH60 ozr­
Hy rrOfJ,CI1CTeM Y (1) ,(2) np n KO HKpeTHoM ana-re­
H H I1 i , (Xi, Si) E R~. E CJIH BbIl10JIH5IeTC5I nepsoe 
yCJIOBHe TeopeMbI, TO ziae npar-nsre diXi + s, = 
b~~j ' cooTBeTcTBylOI.I.I,l1e j = 1 , 2 , He coanazia­

101' [KH pHJIJIOB , 1 9 9 4] . B'ropoe 11 TpeTbe yCJIOBH5I 

ra paa-rnpyror ; l ITO OTpe3Kl1 ofieux rrpa xu.rx , n pa­

Ha,lI,JIe/l<aI.I.I,He R~ , n p I1H a,lI,JIe :tKa T rr p 5lM OY i OJI b H H­

xy {(Xi,Si): Xi E [O,Xim],Si E [O ,Sim]}. OTCIOfJ,a 

C HCnOJI b 3 0 BaHl1eM 'reopexu.r 1 CJIe,LI.yeT 3 a K JI lO '-le ­

Hl1e TeopeMbI 2. D 

3aMeqaHI1e 6. YCJIOBl1e TeopeMbl 2 CJI I1WK OM 

/I<eCTKoe. Ero MO:tKHO 3 a.M e HI1Tb yCJIOBl1eM, BbI­

TeKalOI.I.I,I1M H3 Toro cPaKT a , '-lTO T p a e K T o p HH CH­

CT e M b l (4) c T e '-le H HeM BpeMeHI1 JIOKaJII13YIOT­

C5I B CKOJIb y rOfJ,HO MaJIOH oKpeCTHOCTI1 o'rpeaxa 
[B 1 ,B2 ]. 

3AKJlIOY:EHI1E 

ITOJIy '-leH MeTOfJ, peWeHI1H 3afJ,a'-l li cTa611JIH3a­

U:HH npouecca 6 HOJIOi l1<IecKoH Otll1CTKI1 CTO'-lHbIX 

BOfJ,. B ero OCH OBe JI e/l< l1T n p a s ezi enn e TpaeKTo ­

pl1H CI1CTeM bI B HHBapHaHT H o e MHO/l<eCTBO C rro­

IvIOI.I.I,b lO K y c O'-lH O- n OCT 0 5lH Horo ynpa BJIeH H5I , npn­

H H M a lOI.I.I,erO TOJIbKO fJ,Ba r-paaa-m srx 3 H a <I eH I151 . 

ITP I1 3TOM crp y x rypa CH CT e M bI ( 1) , (2) rr03BOJI5I­

er CBeCTI1 p eIIIeHHe a a zi a -r a cTa6 l1JIl13 aU:vlH K ee 

p eIIIeHHIO ,lI,JI5I JI I1I-1eH I-IOH OTHOCI1TeJIbHO z E R+ 
CHCTeMbI (4). ITpe,lI,CTaBJI5IeTC5I rr e p Cn e K T I1BHbIM 

n pasrene n a e npe,lI,JIO:tKeHHOr O MeTO,lI,a ,lI,JI5I CHCTe­

M bl ( 1) , (2) C n e p e xr eauori pa3MepHOCTblO, '-lTO 

cooraercr e y er n epe xr eaao n y BI1,lI,OBOMy cocrasy 
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cootintecr s a MI1KpOOpr3HI13i\10B. COOTBeTCT I3Y~­

uiaa MaTeMaTWfeCKa>l MO~eJIb paspaoorana B pa­

60Te [K I1PI1JIJIOB, 2010], rne pa3MepHOCTb Cl1CTe­

MbI3aB l1Cl1T OT 3Haq eHl1>1 yrtpaanatouter o B03~eil­
CTB l1H. Panee TaK3H 3aB l1Cl1MOCTb 6bw a ncrron s­
30BaHa ~JIH yn paan ea aa CI1CTeMOil «Xl1 W,Hl1K­

)KepTBa » [Kirillov, 1997]. 
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